COMPACTNESS OF OPERATORS ON GENERALIZED 

FOCK SPACES 
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Abstract. For a very general class of weighted Fock spaces on C n , we 
give necessary and sufficient conditions for a Toeplitz operator with a 
(not necessarily positive) measure symbol to be compact. Furthermore, 
we show that all compact operators are in the norm closure of the alge- 
bra generated by Toeplitz operators with C^°(C n ) symbols, and in the 
Hilbert space setting show that all compact operators are in the norm 
closure of the set of such Toeplitz operators. 



1. Introduction 
Throughout this paper, let <f> € C 2 (C n ) be real valued and satisfy 
(1) < m < A(f)(z) < M 

for some < m < M and all z £ C n . For any 1 < p < oo and any positive 
Borel measure v on C n , let L^(u) be the space defined by 

L\(v) := {/ measurable on C n s.t. /(-)e~* W e L p (C n , dv).} 

Furthermore, let be the space L^(dv) where dv is the usual Lebesgue 
volume measure and let F? be the weighted Fock space defined by 

Fl := {/ entire on C n s.t. / G L?}. 

Note that F? coincides with the classical Fock space Fa on C n when 4>(z) = 

t^\z\ 2 for some a > and has been studied by numerous authors (see [18] 
and the references therein for example.) On the other hand, generalized 
Fock spaces F^ appear naturally in the study of the d equation and sam- 
pling/interpolation theory and have also been studied by numerous authors 
(see [U El [71 Q21 Q3] for example, and in particular, see [13] for an excellent 
overview of the basic linear space properties of F^.) 

Fix some real valued <j> satisfying (UJ and let k z be the normalized repro- 
ducing kernel of Fj given by 

Uu) := K{U > Z) . 
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For a bounded operator A on with 1 < p < oo, let B(A) be the Berezin 
transform of A defined on C n by 



Note that Holder's inequality and the comment after Theorem l2.1l in Section 
2 immediately implies that B(A) is a bounded function on C n . 

Now suppose that \x is a complex Borel measure on C n in the sense that 
H can be written as [i = — ^2) + i{^3 — ^a) where fij, j = 1, . . . , 4 are 
positive a— finite Borel measures on C n . Given a "suitable" (which will 
be made precise momentarily) complex Borel measure [i on C n , define the 
Toeplitz operator T M with symbol [i by the equation 



where K(z,w) is the reproducing kernel of F%. Furthermore, if [i is given 
by A* = / dv for a measurable function / on C n , then we write Tf instead of 
and call Tf the Toeplitz operator with symbol /. 

Note that the Berezin transform can obviously be defined for other Banach 
spaces of analytic functions and information regarding the operator A can 
often be described in terms of function theoretic properties of B(A). In 
particular, the following was shown in [2]. 

Theorem 1.1. If 1 < p < 00 and A is bounded on then A is compact 
if and only if both A e T£ and (B(A))(z) — > as \ z \ — > 00 where TZ is 
the norm closure of the algebra generated by {T^ : is Fock-Carleson} 
and where is the variation measure of [i. Furthermore, 1~£ coincides 
with the norm closure of the algebra generated by Toeplitz operators with 
smooth, bounded (function ) symbols whose derivatives of arbitrary order are 
also bounded 

(see also |1Q|, [T4] for the same result in the Bergman space setting of the unit 
ball of C n . Furthermore, see Section 2 for a brief discussion of Fock-Carleson 
measures.) 

Unfortunately, many of the techniques in [2] (which are similar to the 
techniques in |10^ I14j ) do not work in the more general F% setting, and 
so extending Theorem 11.11 to the F? setting will require a completely dif- 
ferent approach and could very well prove intractable. (It should be noted, 
however, that Theorem 11.11 was recently proved in [T7j when p = 2 using con- 
siderably different and simpler techniques that might extend to generalized 
Fock spaces, see Section [5] for more details.) 

Now given any "nice" class X of measurable functions on C n , let T?(X) 
be the norm closure of the algebra generated by {Tf : / 6 X}. Then as a 
first step towards extending Theorem II .11 to generalized Fock spaces, we will 
prove the following two results. 



(B(A))(z) := (Ak z ,k z ) F2 . 
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Theorem 1.2. Let /i be a complex Borel measure on C n such that is 
Fock- Carles on. Furthermore, letjl be the complex Borel measure defined by 
~p(A) := fJ-(A) for a Borel set A C C n . Then the following are equivalent: 

a) is compact on for all 1 < p < oo, 

b) T-p is compact on F? for all 1 < p < oo, 

c) lim^^ IIT^H^ = for some 1 < q < oo, 

d) limi^i^oQ llTo/c^H ^9 = for all 1 < q < oo. 

II r 4> 

Theorem 1.3. If 1 < p < oo then the space of compact operators on F^ 
coincides with T^(C^°(C n )). Furthermore, the space of compact operators 
on F% coincides with the norm closure of the set {Tj : f € C£°(C n )}. 

It should be noted that Theorem 11.31 is new even in the F& setting when 
p / 2 (and was proved in the F% setting in (3j.) Furthermore, in light 
of Theorem 11.31 Theorem 11.11 can be restated as an approximation result 
that says that if A G TS and B(A) vanishes at infinity, then A is in fact 
in the norm closure of the algebra generated by {Ty : / € C^ (C™)} when 
1 < p < oo and is in the norm closure of the set {Tf : f € C^°(C ri )} when 
p = 2. 

We will now briefly discuss the contents of the rest of the paper and also 
briefly outline the proofs of Theorems 11.21 and 11.31 The next section will 
discuss some preliminary results that will be used throughout the rest of the 
paper (including a brief discussion of Fock-Carleson measures.) Sections 3 
and 4 will contain the proofs of Theorems 11.21 and 11.31 respectively, and 
finally Section 5 will discuss some interesting open questions related to the 
results of this paper. 

Before we outline the proofs of Theorems 11.21 and 11.31 note that we will 
write A < B for two quantities A and B if there exists an unimportant 
constant C such that A < CB. Furthermore, B < A is defined similarly 
and we will write A ~ B if A < B and B < A. 

Now to prove Theorems 11.21 and 11.31 we will first show that the spaces F^ 
behave in the same way that the spaces F& do under complex interpolation 
(see [IE].) In particular, we will prove the following result in Section 2, 
which is obviously of independent interest. 

Theorem 1.4. If 1 < pq < p\ < oo and < < 1 where 

1_ _ 1-9 9_ 

P Po Pi 

then 

with equivalent norms. 

Note that in the sequel will only need the following important corollary of 
Theorem 11.41 and the classical Stein- Weiss interpolation theorem (see [18] , 
p. 59.) 
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Corollary 1.5. Let 2 < p < oo. If A is an operator A : F|+F^° -> L^+L™ 
such that A maps F| to L| boundedly and maps to L^ 3 boundedly, then 
A : — >■ boundedly and 

2 ,2 

II 411 Tl , < II 4 II p II 4 II p 
II^H-F^Z^ ~ 11^11^2 _, L 2 \\ Ji \\F?°^L°f 

To prove Theorem 11.21 first note that b) ==> a) follows immediately by 
duality (see Theorem I2.1|) and the easily verified fact that (TjJ* = T-p. 
Also, a) ==> d) follows immediately from b) and g) in Theorem 12.11 Since 
d) ==> c) is trivial, the proof will be completed if we can show that c) ==> b). 
Furthermore, by g) in Theorem 12. 1( we can assume that g = oo in c). 

To that end, let 

T3 — T M T— 

where M Xb{0 r) is the multiplication operator with respect to the character- 
istic function of the Euclidean ball B(0,R) C C n with center and radius 
R. Then, with the help of the Schur test, we will show that 

lim II^H**^ = 

if T M satisfies condition c) of Theorem 11.21 when q = oo. A simple argument 
involving Corollary 11.51 and duality then proves Theorem 11.21 when 1 < p < 
oo. 

Now to prove Theorem 11.31 first note that Theorem 2 in [13] tells us that 
Tf is compact on if / € C£°(C n ). We next show that finite rank operators 
are in the norm closure of the algebra generated by Toeplitz operators with 
point mass measure symbols. Let P be the orthogonal projection from L| to 
(which by standard reproducing kernel Hilbert space arguments is given 

by 

(Pf)(z)= [ f(w)K(z,w)e- 2 ^dv(w).) 
Jc n 

Since all L p spaces have the bounded approximation property (see [16], p. 
69-70) and F^ is just the image of under P by e) in Theorem l2.1[ Theorem 
ll.3l for p ^ 2 will be proved if we can show that Toeplitz operators with point 
mass measure symbols are contained in T^(C^°(C n )). 

To that end, we will first use Corollary 11.51 and duality to show that the 
Toeplitz operator with point mass measure symbol 6 Z for z € C n can be 
approximated in the F^ operator norm by Toeplitz operators with symbol 

-%rXB( z , e ) (where c n is the volume of the unit ball in C n ) as e — > + . 

On the other hand, a direct application of Theorem 12.21 in Section 2 gives 
us that 

I \Tf\\ F P^ F P < ||/||l1(C»A) 

when 1 < p < oo. Since C^°(C n ) is dense in L 1 (C n ,dv), this clearly implies 
that any Toeplitz operator Tf with / G L 1 {C n ,dv) can be approximated in 
the operator norm by Toeplitz operators with C£°(C n ) symbols, which 
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completes the proof of Theorem 11.31 when p ^ 2. Furthermore, we will use 
the operator theoretic techniques from [3] to prove that A is compact on F 2 
implies that A is in the norm closure of {Tf : f € C£°(C n )}. Note that we 
will only outline the proof of this in Section 4 since the argument we use is 
very similar to the proof of Theorem 9 in [3] . 

It should be noted that the use of Corollary 11.51 in conjunction with the 
Schur test for p = 2 and duality was needed in [2] to prove Theorem 1 1 . 1 1 and 
is therefore not a new phenomenon introduced by the more general weights 
used in this paper. 

Finally in this introduction we will briefly discuss a concrete and inter- 
esting (from the point of view of holomorphic function spaces) example of 
a generalized Fock space. In particular, we will now show that the Fock- 
Sobolev spaces introduced recently in [5] are in fact generalized Fock spaces. 
Given any m € N, let Fa' m denote the Fock-Sobolev space of entire functions 
with the norm 

ll/lli*™ : = E ll^/lk 

\P\<m 

where the sum is over all multiindicies (3 with \f}\ < m. It was then proved 
in [5] that / & Fa ,m if and only if z h-> \z\ m f(z) & La where La := L^ for 
cj)(z) = ^\z\ 2 , and furthermore the canonical norms induced by these two 
conditions are equivalent (note that this was only proved for a = 1 but the 
extension to general a > is trivial.) 

By a standard closed graph theorem argument, we have that / £ F£' m if 
and only if z i— > (A + \z\ 2 )^ f(z) is in La for any A > 0, and furthermore 
the canonical norm induced by this condition (for fixed A > 0) is equivalent 
to the Fl' m norm. Thus, if 

if \ a i i2 771 i i a i i2\ 

fa) ■= g 1*1 -yM^ + N ) 

then we have Fa' m = F^ and 

~n(A + \z\ 2 ) - \z\ 2 



A(^>(z) = 2an — 2m 



(A + \z\ 2 ) 2 



which tells us that eft satisfies condition (JTJ if A > m/a. Because of this, the 
reader should keep in mind that all of the results proved in this paper also 
apply to Fock-Sobolev spaces (which by themselves for Fock-Sobolev spaces 
are interesting in their own right.) 



2. Preliminary results 

In this section, we will state and prove some preliminary results (including 
Theorem ll.4p that will be used in the rest of the paper. First, we will mention 
some important properties of F^ from [13] that should be familiar to the 
reader who has experience with the classical Fock spaces Fa- 
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Theorem 2.1. The generalized Fock spaces satisfy the following prop- 
erties: 

a) There exists e,C > independent ofz,w £ C n such that e~^ z ^\K(z,w)\e~^ w ^ < 

Ce -e\z-w\_ 

b) If 1 < p < oo then k z — > weakly in F^ as \z\ — > oo. 

c) If 1 < p < oo then (F%)* = Fl for 1/p + 1/q = 1 under the usual 
pairing 

Jo 

cQ TTie orthogonal projection P : 1?^ — > F| extends to a bounded op- 
erator from LPp to F^ when 1 < p < oo. 

e) P restricted to in is £/ie identity operator when 1 < p < oo. 

5 ) // < p < oo, to {\f?e~^){z) < ||/||^ and |V(|/P> e -^)|(z) < 
II/IIL, /or anyfeF? andz(£C n . 



Note that property a) immediately implies that {k z : z £ C n } is bounded 
in i 7 ^ when < p < oo. Furthermore, note that property a) for the classical 
Fock space F^ is in fact true for any e > 0. In particular, since 

K a (z,w) = e a{z ^ 
where K a (z,w) is the reproducing kernel of F%, we have that 

e-^ 2 \K a (z,w)\e~^ 2 = e ~ ^ \e a ^ \e~ ^ 

= e -f\ z - w \\ 

In general however, one can not expect to have such a fast off diagonal 
decay when dealing with generalized Fock spaces (though fortunately, as 
was noticed in |13j . quadratic exponential off diagonal decay as above is 
usually not needed.) 

Now if v is a nonnegative Borel measure on C n , then we say v is a Fock- 
Carleson measure for F^ if the embedding operator t : F? — > L p ,(y) is 
bounded. We will often use the following useful characterization of Fock- 
Carleson measures on C n (see [13] for a proof.) 

Theorem 2.2. 7/ 1 < p < oo and v is a nonnegative Borel measure, then 
the following are equivalent: 

a) v is a Fock Carleson measure for F%, 
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b) sup zeC n u(B(z,l)) < CO, 

c) T v is bounded on F^. 

Furthermore, the canonical norms defined by any of these three conditions 
are equivalent. 

Since v being Fock-Carleson for is independent of p when 1 < p < oo, 
we will say v is a Fock-Carleson measure if v satisfies any of the equivalent 
conditions in Theorem 12.21 Furthermore, if /x is a complex Borel measure 
on <C n , then we will denote by any of the canonical norms applied to 
defined by the conditions in Theorem 12.21 . We will also let \\f\\* denote 
|| |/| cfo||* when / is a measurable function on C n . 

We now state and prove two simple lemmas that will be used in the proofs 
of our main results. 

Lemma 2.3. Let /x be a complex Borel measure on C n such that |/x| is 
Fock-Carleson. Then for any u,w € C n we have 

e -<f>M\( TfM K(;w))(u)\e-^ < IHI* / e-^ u - d \e-^ w - d \dv{e) 
where e is from a) in Theorem \2.1[ Furthermore, 

[ e-^\(T„K(;w))(u)\e-*M dv{u) < \\^ 

and 

[ e-+^(TrK(., W ))(u)\e-+M dv(w) < ||/x||* 

Proof. Obviously the last two inequalities follow from Fubini's theorem and 
the first inequality. 

To prove the first inequality, note that by definition 

(2) \(T„K(;w))(u)\< [ \K(9,u)K(9,w)\e~ 2 ^d\^\(9). 

Also note that the entire function 9 \— > K(9, u)K(9, w) is in the generalized 
Fock space F^ for each u,w € C n since the Cauchy-Schwarz inequality gives 
us that 

/ \K(9,u)K(9,w)\e- 2m dv{9) < \\K(-, u)\\ F 2 \\K(-, w)\\ F 2 < oo. 
Thus, applying Theorem 12.21 to (|2|), we get that 
e -^)\(T lt K(-,w))(u)\e-' l <^ < ||/i||*e-* (u °-* (u) [ \K{9 ,u)K{9 , W )\e~ 2m dv{9) 

= IIHI* J (e-^\K{9,u)\e-^ u) ^ [e~ m \K(9, u;)|e^ (u,) ) dv{9) 

< IHI* I e- e ^e- e ^ dv(9) 
where e is from a) in Theorem 12.11 □ 
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Finally in this section we will prove Theorem 11.41 First we will need the 
following simple result. 

Proposition 2.4. Given any real valued function cf), if 1 < po < Pi < oo 

and < 9 < 1 where 

1 _ 1-9 9 
P Po Pi 

then 

\rP0 rPll _ tP 

with equal norms. 

Proof. For any measure space (X, /i) and any weights wq, wi on X, define w 

i 1-8 j_ 

by wp := wq p o w\ p i . Then the classical Stein- Weiss interpolation theorem 
gives us that 

[L p "(w ),L p ^ Wl )] e = L p (w) 

with equal norms where L p {w) := L P (X, w(-) d/i) and the other L p spaces are 
defined similarly. The proof then follows immediately by setting wq = e~ Po ^ 
and W! = e- pi *. □ 

Proof of Theorem \ l-4\ By the definition of [L^° , L^] and Proposition 
E21 we have that [F™, Ff] g C F|. 

On the other hand, if / € F? C L^, then again by Proposition 12.41 there 
exists a positive constant C and an analytic function w i— > F(-,w) from 
{w G C : < Re w < 1} to + L^ 1 where 

a) F(z,0) = /0) for all z G C n , 

6) ||F(-,w)|| i P < C for all Re (w) = 0, 

c) 11^0,10)11^1 < C for all Re (w) = 1. 

Now let G(z,w) = (P(F(-,w)))(z). Then by a) and d) in Theorem 12.11 and 
Morera's theorem, we have that w h-> G(-,w) is an analytic function from 
{w; € C : < Re w < 1} to F™ + F* 1 and G satisfies 

a) G(z,0) = (Pf)(z) = f(z) for all z € C n , 
6) ||G(-,w)|| L P < C' for all Re (w) = 0, 

c) ||G0,u>)|| £ pi < C for all Re (w) = 1. 
for some positive constant C", which implies that / E [-P^ , P^L) or [-^°) -^ 1 ] 6 

To show the equivalence of norms, let / € F^. Then by definition and 
Proposition 12.41 we have that 



F* = \\f\\[L?,L?] g ^\\f\\[F?>,*?] 9 
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An application of the open mapping theorem immediately completes the 
proof. 

3. Proof of Theorem 11.21 

We will now prove Theorem 11.21 As was discussed in the introduction, 
it is enough to show that c) ==> b) in Theorem 11.21 when q = oo. In other 
words, we need to show that T-p is compact on for any 1 < p < oo if 

(3) lim \\T^k z \\ F ™ = 0. 

Now let 

T T? '■= T v: ~ M B(<d,R) T TL = m {B{q,R)Y T Tl 
where B(0,R) C C" is the Euclidean ball in C n with center and radius R. 
Note that 

X(BM)«W(Ji(/)H = x(B(o,R)r(w){T-pf,K(-,w)) F 2 

= X(B{o,R)y{w){f,T fM K(-,w)) F 2 

f(u)x(B(o,R)yH(T^K(;w))(u)e- 2 ^ dv(u) 

e~ 2 ^ dv( u). 
where 



$r(w,u) := X(B(o,R))4 w )( T v K (-i w )){ u )- 
We now use the Schur test to show that 

lim \\T£\\ F 2 L 2 = 0. 
In particular, we will show that 

(4) I \$ R (w,u)\e^e- 2 ^dv(w) < 

and 

(5) 

f \^ B ,(w,u)\e^ u) e- 2cl,( - u) dv(u) < e^ w) I N 2n sup ^jy™ + e "T ] 

JC" \ \z\>R J 

for any arbitrary fixed N > where e > comes from a) in Theorem 12.11 
Since N > is independent of R, the Schur test then implies that for N 
fixed 

n eN 

limsup||T || F 2^ L 2 < e 4 

R-^oo * * 

and letting N — > oo completes the proof. 
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To that end, Lemma 12.31 gives us that 



< e+M I e-*W \(T„K(;w))(u)\ e~*W dv{w) < 



which shows 

Finally we show (|5|). Pick any N > 0. Then for |to| > R we have 
|#fl(w,w)|e-^ u) cfo(u) = e* (u,) f e~^ w) \{T^K{-,w))(u)\ e"^ cfo(7 



/ e~*M |(r At ^(-,u;))(n)|e-^ u) dv(u) 

JB(w,N) 



+ / e~^ w) \{T l ,K{-,w)){u)\e-' l,{ - u) dv{u) 



Since « we immediately get that 



/i <iV 2n sup HT^Hf-. 

|z|>i? 

On the other hand, Lemma 12.31 gives us that 

h< I ( f e-^e^ e ' w kv(e)) dv(u) 

J(B(w,N)Y \JC n / 

Now since \u — w\ > N, \u — 9\ < N/2 implies that 

N < \u - w\ < \u - 6\ + \9 - w\ < N/2 + \0-w\ 
or \6 -w\> N/2. Thus, 

h<e~* I (I e- f >-%-^ e ^dv(d))dv( U )<e-^ 
Jc n \Jc n J 

which shows that 



lim ||T«|| F2 ^=0. 



Now by a simple argument that is similar to the proof of Lemma 12.31 we 
have 

sup e-*« \(Tpf)(z)\ < sup / (e-*M\K(z,w)\e-« w A \f(w)\ e -^ w U\f,\(w) 



< IHUII/lk- sup / e~^- w Uv{w) 



(6) <M4f\\F? 

which tells us that 

1 1 r 



\T-^ 1 1 p°o^ij°o 5~ 
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Thus, by Corollary 11.51 we get that 

lim ||T*|U_^ = 

for any 2 < p < oo, which immediately implies that Tp is compact on 
when 2 < p < oo since M B ( ,_R) : — ► 1%, 1S compact for any 1 < p < oo. 

Finally, to the complete the proof when 1 < p < 2, note that g) in 
Theorem 12.11 implies that 

lim Hr^j/cxll^oo < lim ||Tp:/c^||^2 =0 

|z|— >oo ^ z|— >oo 

since Tp is compact on i* 1 ?. Thus, replacing ~p with and repeating the 
previous argument word for word, we get that is compact on for 
2 < p < oo, which by duality tells us that Tp is compact on F^ for 1 < p < 2 
and completes the proof of Theorem 11.21 

4. Proof of Theorem 11.31 

In this section we will prove Theorem 11.31 by completing the steps dis- 
cussed in the introduction. In particular, we will show that finite rank 
operators are in the Toeplitz algebra Tj(C^°(C n )). First we will need the 
following simple result. 

Lemma 4.1. If 1 < p < oo and S C C™ is a Borel set with nonzero Lebesgue 
volume measure, then span{X(-, w) : w S S} is dense in F^. 

Proof. Let q be the conjugate of exponent of p. If g € F^ = (F^)* (see c) 
in Theorem 12. ip annihilates span{iT(-, w) : w € S}, then e) in Theorem 12.11 
implies that 

g (w) = [ g(u)K(u,w)e~ 2 ^ u) dv(u) = 

for any w € S, which implies that g = since S has nonzero Lebesgue 
volume measure. The proof then immediately follows by the Hahn-Banach 
theorem. □ 

Lemma 4.2. Finite rank operators on F^ are in the norm closure of the 
algebra generated by Toeplitz operators with point mass measure symbols 
when 1 < p < oo. 

Proof. Since 

< K(w, w)= I \K(w, z)\ 2 e- 2<t>{z) dv(z) 
Jc n 

the set 

Z w := {z € C n : K(w,z) + 0} 

trivially has nonzero Lebesgue volume measure for each w 6 C n . Thus, 
Lemma 14.11 tells us that span{K(-,z) : z € Z w } is dense in F% for each 
w € C ra , which in turn implies that span{i^(-, z) ®K(-, w) : w £ C ra , z £ Z w } 
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is dense (with respect to the operator norm) in the space of finite rank 
operators. 

The proof is then completed by observing that 

e 2<t>(z)+2<j,(w) 

K{; z) K(-,w) = T Sz T Sw 

K [w, z) 

where S z and S w are the point mass measures at z, w € C n with z G Z w . □ 
Lemma 4.3. Given w € C n , let 

where c n is the volume of the unit ball in C n . Then we have 

e->-0+ <t> <t> 

for each 1 < p < oo. 

Proof. By duality, Corollary 11.51 an d © , it is enough to prove the lemma 
for p = 2. To that end, note that Tpe — T$ w is obviously bounded and self 
adjoint on i 7 ?, which means that 



\\TF*-T d J F 2^ F 2 



sup 

1NI F 2=1 



{(T FSj -T Sw )h,h) F 2 



However, 



\h(z)\ 2 F^z)e- 2 ^ dv(z) - [ \h(z)\ 2 e~ 2 ^ d5 w {z) 



/ \h{z)\ 2 e' 2 ^dv{z)-\h(w)\ 2 e- 2 ^ 



< 



€ 
Tin 



B(w,e) 



B(w,e) 



\h{z)\ 2 e~ 2 ^ z) - \h(w)\ 2 e' 2<l,iw) dv(z). 



Moreover, if l|/i||pa = 1, then g) in Theorem 12.11 tells us that |/i| 2 e 2 ^ is 
Lipschitz with Lipschitz constant independent of h, which completes the 
proof. □ 

As was stated in the introduction, Tj is compact on F^ if / G C^°(C n ) 
and Tf with / € L (C n , dv) can be approximated in the F± operator norm 
by Toeplitz operators with C^°(C n ) symbols. Combining these facts with 
Lemmas 14.21 and !4, 3} we finally have the following, which completes the proof 
of Theorem 11.31 when p ^ 2. 

Theorem 4.4. Finite rank operators are in 7j(C^°(C n )) when 1 < p < 
oo. In particular, the space of compact operators on F? coincides with 
7?(C~(C»)). 
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We now complete the proof of Theorem 11.31 when p = 2. As was stated 
in the introduction, the proof is very similar to the proof of Theorem 9 in 
[3] and so we will only outline the proof. To that end, given any bounded 
operator I on F?, let Kx{w, z) be the function defined by 

K x {w,z) := (X*K(-,z))(w) 

so that Kx(w,z) is analytic in w and conjugate analytic in z. 

Note that a) in Theorem 2.1 immediately tells us that PM$ : l£ — > L?i is 
Hilbert-Schmidt if S C C n is compact, which easily implies that Tf is trace 
class on F| when / £ C c °°(C n ). Thus, if / € C c °°(C n ) and X is any bounded 
operator on F^, then TfX is trace class on F? and repeating word for word 
the proof of Theorem 8 in [3 J gives us that 

(7) tt(T g X)= I g(w)K x (w,w)e- 2 ^ dv(w). 

Now suppose that {Tf : / E C%°(C n )} is not dense in the space of compact 
operators on F?. Then by the Hahn-Banach theorem and duality, there 
exists a non-zero trace class operator X on F£ where tv(T g X) = for any 
g € C£°(C n ). However, this implies that 

0= f g(w)K x (w,w)e- 2 ^ dv(w) 

for any g G C^°(C n ), which by elementary arguments implies that Kx(w, w) = 
0. 

The proof will be completed if we can show that 

K x (w,w) = X = 0. 

To that end, since Kx(w,z) is analytic in w and conjugate analytic in z 
and Kx(w,w) = 0, a standard result in several complex variables implies 
that Kx{w,z) = 0. However, since span{i^(-,z) : z £ C n } is dense in 
F^, the condition Kx(w,z) = implies that X = 0. (It should be noted 
that the argument in this paragraph is by now standard and that the exact 
same argument tells us that the Berezin transform is injective on F% when 
1 < p < co. ) 

Finally, let us remark that a very similar argument also shows that 
{Tf : f 6 C^ c (C n )} is trace norm dense in the trace class of F? (which was 
proved in [3] for the classical Fock space F 2 .) 

5. Open Problems 

In this last section we will discuss some interesting open problems related 
to Theorems 11.21 and 11.31 First note that if p, is a complex Borel measure 
on C n where \p\ is Fock-Carleson and 



lim llTuAUL? = 



14 



JOSHUA ISRALOWITZ 



for any 1 < q < oo then one can easily check using Holder's inequality that 



(8) lim \(B(T^))(z)\= lim |(T^ Z) k z )j#\ < lim ||T M ^|U=0. 

Z — >OD \z\—>-OD <t> \Z — i-OO P 



In particular, this tells us that condition c) in Theorem 1 1,2 1 is in fact stronger 
than condition ([8]). 

Also note that condition (J8]) is (as one would expect) particularly attrac- 
tive since one can easily check that 



when |//| is Fock-Carleson, which means that ([8]) is a condition that solely 
depends on the symbol fj, and not the operator T M itself. It would therefore 
be interesting to know if one could replace condition c) in Theorem 11,21 
with condition ([8]). Note that even proving this will most likely require 
new techniques since in particular monomials do not necessarily form an 
orthogonal basis for F^, which means that the main technique pioneered in 
[I] is unavailable in the generalized Fock space setting. 

It should be noted that the proof of Theorem 11.21 actually shows that if 
H is Fock-Carleson, then is compact on F% for 1 < p < oo if and only if 



for any N > 0. However, it is quite easy to show directly that condition 
c) (when q = oo) in Theorem 11.21 is in fact equivalent to Q being true for 
any N > 0. In particular, if N > 0, then an argument that is similar to the 
proof of Theorem 11.21 gives us that 



T m Mff>< sup |(T^)H|e-^+ sup \(T^k z )(w)\e'^ 

9 weB(z,N) we(B{z,N)) c 

< sup |(T A4 k)(«0|e-*M + |H,e-T. 



Letting | z | — > oo first and then letting iV — > oo completes the proof. Because 
of this equivalence, it is unfortunately rather unlikely that condition © 
being true for any N > will be useful in replacing condition c) in Theorem 
Owith condition JSJ). 

As was stated in the introduction, extending Theorem 11.11 to the set- 
ting is quite possibly intractable. However, when p = 2, this result was 
proved in [T7] for the classical Fock space using techniques that are con- 
siderably simpler than the ones used in [2]. 

Furthermore, a careful examination of [17] shows that all of the arguments 
in [17] extend to generalized Fock spaces (with minor modification) with the 
exception of the argument on p. 103 in [17], which requires the existence of 
a bounded family of operators {U z } z <z£n on F^ where 




(9) 



\z\-*x> w &B{z,N) 



lim sup |(r M jfe,)(i£;)[e-*W =0 



w£B(z,N) 



(U z k v )(w) = @(r],z)k ri+z (w) 
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with 0(-, -)| bounded above and below on C n x C n . In the F^ setting, note 
that these operators are classical and in particular are unitary "weighted 
translations" defined by 

(U z h)(w) = h(w — z)k z (w). 

Unfortunately, the above formula most likely does not (in general) even map 
F£ into F%. Thus, in order to prove Theorem 11.11 for F^, one would need 
to somehow circumvent the use of the U z 's on p. 103 of |17| (which while 
certainly nontrivial, is most likely much more tractable then extending the 

ideas in [U QZB 03] to the F 4> settin S-) 

Note that if / € L q (C n ,dv) for 1 < q < oo, then Holder's inequality 
immediately implies that 

ll/ll* < ||/||l9(C",*) 

which means that Tf can be approximated in the operator norm for 
1 < p < oo by a Toeplitz operator with C£°(C n ) symbol. Obviously this 
result is not true for / € L°°(C n ) since otherwise if / = 1 then Tf = Id^p_^p 

would be compact on F%. However, one can ask if Tf for / 6 L°°(C n ) can be 
approximated in the F^ norm by Toeplitz operators with smooth, bounded 
symbols whose derivatives of arbitrary order are also bounded. 

Note that this is in fact true for the classical Fock space F&. In particular, 
if /i is a complex Borel measure on C n where is Fock-Carleson, then it 
was proved in [2] that for 1 < p < oo, 

(10) lim ||7>, - TJ f p_> f p = 

where /#> is the heat transform of \i given by 

(4\ 1 f \z — w\^ 

Unfortunately the arguments used in [2] to prove this (which are similar to 
the arguments in [1 XJ ) are not available in the generalized Fock space setting, 
and therefore it would be interesting to know if the above mentioned result 
is true for F^. Note that this, if proved, would obviously imply that the 
Toeplitz algebra generated by Toeplitz operators with Fock-Carleson mea- 
sure symbols would coincide with the Toeplitz algebra generated by Toeplitz 
operators with smooth, bounded (function) symbols whose derivatives of all 
orders are bounded, which as was stated in Theorem 1 1.1 1 is true for Fa- 
it would also be interesting to know if {Tf : / € C^°(C n )} is dense in the 
space of compact operators on F^ for 1 < p < oo (with p ^ 2.) Note that it 
is not known if this is true even for the classical Fock space F&. It should 
be remarked, however, that the arguments in Section 4 actually show that 
sp&n{TfT g : f,g G C^°(C n )} is dense in the space of compact operators on 
F v , when 1 < p < oo, which is "not too far" from {T f : f € C~(C n )}. 
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It should be noted that Theorem 11.31 when p = 2 was proved in [8] for the 
standard (unweighted) Bergman space L^(P, dA) on the unit disk D using a 
concrete but technical approximation argument that relies on computations 
involving the standard orthogonal basis of monomials for L^{D,dA). While 
this fact negates the possibility of extending the arguments in [8] to the 
setting when p ^ 2, it would be interesting to know if one can extend the 
arguments in |8] to the setting and use complex interpolation and duality 
to prove that the space of compact operators on coincides with the norm 
closure of {T f : f G C c °°(C n )} when p ^ 2. 

Finally, as somewhat of a novelty, let us remark that the argument used 
to prove Theorem 1' in [8] extends to the generalized Fock space setting 
and shows that {Tf : / G C^°(C n )} is SOT dense in the space of bounded 
operators on F£. In particular, suppose that fi, . . . , fp, and gi, . . . , g m for 
k,m £ N are two sequences of linearly independent functions in i* 1 ?. If we 
now define R : C7 c °°(C n ) ->• C kxm by 

(R^ij-f mh{z)lh{z)z- mz) dv{z) 

then it is not difficult to show that R is surjective, which by elementary 
Hilbert space arguments proves the claim. 
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